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The Integration Through Transients (ITT) formalism provides a kinetic theory
to go beyond the linear response regime of low density and shear rate. Its main
advantage is to express observables under shear as expectation values in the quiescent
system. Here we show that the quiescent fluid does not have to be in thermal
equilibrium. Considering a fluidized granular medium under shear, we introduce
a granular ITT formalism (gITT) providing quantitative predictions for the flow
curves that reflect the rich phenomenology of granular fluids.
I. INTRODUCTION
Understanding the rheology of granular fluids from a kinetic theory point of view has
been of interest from the earliest days of granular physics [1–8]. It has been established that
the granular Boltzmann, or Boltzmann-Enskog equation [9, 10] is a useful starting point
to understand granular gases at low density [4, 7, 9–12]. Various methods to extract the
transport coefficients in linear response, originally developed for molecular gases have been
generalized to non-equilibrium granular gases [7, 13–15]. The general understanding is that
the Navier-Stokes equations of hydrodynamics (with small modifications [16]) provide a useful
description of granular gas flow. Unfortunately, the range of natural phenomena involving
flow at low density and infinitesimal perturbations is much smaller for granular media than
it is for classical gas flow. Most granular flows occur at both high volume fraction and
significant shear rates. Indeed every gravity driven granular flow will start from a granular
solid at rest [6, 17, 18] with a packing fraction around the random close packing density of
the respective material. Only recently, first proposals to extend granular kinetic theory to
relevant densities have appeared [19–23].
Qualitative considerations have shown that the dynamic state diagram characterizing the
rheological response of a granular fluid to shear (Fig. 1) is determined by several timescales
[24]. The Newtonian behavior where shear stress σ = ηγ˙ is linearly related to the shear rate
γ˙ extends to higher densities and shear rates as long as the shear rate is smaller than the
intrinsic structural relaxation rate τ−1α . Beyond that, the shear stress becomes approximately
independent of shear rate, indicated by shear thinning behavior. For even higher shear rates,
shear heating will become important which appears as shear thickening behavior. Ultimately,
Bagnold scaling, σ ∼ γ˙2, holds for the largest shear rates.
For thermalized colloidal dispersions, the Integration Through Transients (ITT) formalism
provides a framework to calculate flow curves, i.e., shear stress σ as a function of shear rate
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2FIG. 1. Protocol H: Dynamic state diagrams in the plane spanned by shear rate, γ˙, and packing
fraction, ϕ, for several values of the coefficient of restitution, ε, as indicated. The effective exponent
R quantifying the shear rate dependence of the viscosity, η(γ˙) ∼ γ˙R, is color coded.
γ˙ beyond the linear response regime [25–29]. In contrast to the low-density, Boltzmann-
Enskog approaches, ITT works best around the glass transition density [30, 31], i.e., in
the range 0.5 <∼ ϕ <∼ 0.6 and is therefore especially well suited to describe dense flows. In
this contribution we will demonstrate an ITT approach which extend the calculations for
thermalized colloidal suspensions to far-from-equilibrium (driven) granular fluids comprised
of inelastic hard spheres.
A first generalization of the ITT formalism from the overdamped Brownian dynamics
of colloidal suspensions to inertial, Newtonian dynamics has been obtained by Chong and
Kim [27] and later updated to the refined formulation of Fuchs and Cates [26] by Suzuki
and Hayakawa [32]. In both cases the lack of viscous damping in the inertial description
necessitates the explicit introduction of a thermostat. At least for the Gaussian isokinetic
thermostat [33] used in the above references, the details of the artificial thermostat explicitly
appear in the final results. Suzuki and Hayakawa [21] where the first to propose an ITT
calculation for inelastic soft spheres. Unexpectedly they found that no dissipative effects
remain after applying the standard ITT approximations. Only after including current
correlation functions in addition to the density correlator did they find results that depend on
the inelasticity of the particles. The substantially increased complexity due to the additional
observables has so far made applications of this approach difficult. On the upside employing
dissipative interactions removes the need for an artificial thermostat.
In the following we will show that using inelastic hard spheres, it is much simpler to retain
dissipative effects and this allows us to develop a granular ITT formalism that captures
the qualitative behavior introduced above. The paper is organized as follows. We will start
with a description of the model in Sec. II. In Sec. III we will introduce the microscopic
3observables, equations of motion and distribution functions used to formulate the coarse
grained description in Sec. IV. The generalized Green-Kubo relations that form the central
part of the granular ITT formalism (gITT) will be introduced in Sec. V. To evaluate the
Green-Kubo relations, we introduce a suitable equation of motion for the transient correlator
in Sec. VI. In Sec. VII we will present a number of results that can be derived from the
formalism developed here before concluding in Sec. VIII.
II. MODEL
We consider a monodisperse fluid of inelastic smooth hard spheres with diameter d, mass
m = 1, and coefficient of normal restitution ε ∈ [0, 1) [2, 34]. The system is prepared at
a prescribed volume fraction ϕ = pind3/6 where in the thermodynamic limit, the number
of particles N → ∞ such that the density, n = N/V , remains finite. Here V denotes the
volume. To mimic fluidization, each particle i is subjected to a random driving force ξi(t)
[35, 36] with zero mean, ξi = 0, and variance
ξαi (t)ξ
β
j (t
′) = 2PDδijδαβδ(t− t′), (1)
where PD characterizes the driving power and the Greek superscripts denote the Cartesian
components. To implement the shear, we prescribe a perfectly linear shear profile, ux(y) = γ˙y,
with a fixed shear rate γ˙ on the level of the coarse grained flow field u(r).
It is convenient to use the particle diameter, d, as a length scale and the inverse of
the collision frequency, ω−1c , as a time scale. Then the shear rate is given in terms of the
dimensionless Pe´clet number Pe = γ˙/ωc.
A. Experimental Protocol
We envisage to describe the following experimental situation: Initially, a monodisperse
granular assembly is homogeneously fluidized at a prescribed packing fraction ϕ until a
non-equilibrium steady state is reached where the dissipative collisions balance the energy
input due to driving,
PD = Γωc(T0)T0, (2)
and the temperature T0 becomes constant. Here Γ(ε) := (1− ε2)/3 quantifies the dissipation
[2]. In the following we will refer to this state as the reference system. The reference system
undergoes a glass transition at a critical packing fraction ϕc(ε) and freezes into an amorphous
solid for densities ϕ > ϕc [31, 37–39]. The collision frequency, ωc(ϕ, T0) ∝
√
T0, increases
with temperature and packing fraction [40].
Starting at time t = 0 the prescribed shear rate γ˙ is applied until the fluid reaches a new
stationary state, i.e., we focus on a shear rate controlled protocol at fixed packing fraction.
Shear heating, σγ˙, needs to be considered in the power balance which now reads [24]
σγ˙ + nPD = nΓωc(T )T. (3)
Regarding the control of the driving force, we will consider two protocols:
4Protocol H: A straight forward procedure (employed in Ref. [24]) sets a shear rate and
leaves the driving fixed, PD = const. Then the shear heating adds to the power balance
σγ˙ + nΓωc(T0)T0 = nΓωc(T )T (4)
resulting in a higher temperature in the sheared steady state
T (Pe) =
T0
[1− σˆ(Pe) Pe /Γ]2/3 =
T0
(1− Pe /Pe∞)2/3 (5)
where σˆ(Pe, ϕ, ε) ≡ σ/nT is the dimensionless shear stress, independent of the tem-
perature for dimensional reasons. The stationary temperature, T (Pe), diverges for the
Pe´clet number reaching its maximum value, Pe→ Pe∞ [24].
Protocol T: Alternatively, we can regulate the driving power from the initial value PD = P
(i)
D
to a lower, final value PD = P
(f)
D < P
(i)
D such that the temperature in the sheared
stationary state is equal to the initial temperature T ≡ T0. Note that shear heating
will increase with shear rate while we cannot reduce the driving below P
(f)
D ≡ 0. That
is, for Protocol T we are limited to shear rates γ˙ ≤ γ˙∞ smaller than a maximal
value which is attained when the driving is completely turned off. The maximum
shear, γ˙∞ = ωc(T0) Pe∞, corresponds to the maximal Pe´clet number, Pe∞, where the
temperature diverges in Protocol H.
III. MICROSCOPIC DESCRIPTION
A. Dynamics
An established, albeit artificial, method to enforce a shear profile u(r) = r · k on the
microscopic level are the Sllod equations [33, 41],
r˙i = ci + ri · k (6a)
c˙i = Fi − ci · k− Fthermo,i. (6b)
Here Fi is the total interaction force acting on particle i and Fthermo,i is a necessary ther-
mostatting force to dissipate shear heating. To be concrete, we define the velocity gradient
tensor k ≡ ∇u = γ˙δαyδxβ.
For inelastic hard spheres the inelastic interactions also afford the dissipation such that
the interaction and thermostat combine to
c˙i =
dci
dt
∣∣∣∣
coll
− ci · k (6b’)
where dci/dt|coll indicates the discontinuous momentum change in a hard sphere collision
[34]. Finally, the initial condition ∑
i
ci(0) = 0, (6c)
has to be imposed to avoid an unphysical buildup of total momentum [41].
Note that the velocities ci are defined relative to the mean flow, u(ri), and are not the
velocities seen in the laboratory frame, vi ≡ r˙i. As for u ≡ 0 in the reference system, ci = vi
trivially, we can consider the phase space to be spanned by the set of positions {ri} and
peculiar velocities {ci}, throughout.
5B. Stress Tensor
The stress tensor of inelastic hard spheres [42, 43] σαβ = σ
kin
αβ +σ
int
αβ is given microscopically
as the sum of a kinetic part σkinαβ =
∑
i v
α
i v
β
i and an interaction part,
σintαβ =
1 + 
4
d
∑
i<j
(rˆij · vij)2rˆαij rˆβijΘ(−rˆij · vij)δ(rij − d). (7)
Here Θ(x) denotes the Heaviside step-function.
IV. COARSE-GRAINED DESCRIPTION
We will be concerned with a continuum description of the particle density and momentum
current using the following definitions
ρ(r, t) =
1
N
∑
i
δ
(
r − ri(t)
)
, j(r, t) =
1
N
∑
i
ciδ
(
r − ri(t)
)
. (8)
Note that the current j is defined with respect to the peculiar velocities ci [27, 32]. We will
use the spatial Fourier transforms ρq(t) = FT[ρ](q, t), and jq(t) = FT[j](q, t) [44].
To maintain a continuum description, we need to require that the Knudsen number Kn < 1.
Here we can take the Pe´clet number as a proxy for the Knudsen number [45] and the fact
that the Pe´clet number is limited Pe ≤ Pe∞ [24] ensures that we are not limited in shear
rates as long as the density is sufficiently high such that Pe∞ < 1.
A. Reference System
1. Dynamics
In the reference system, the dynamics can be described by a (forward in time) effective
pseudo Liouville operator L+ref(PD) = L0 +L+I +L+D(PD) [39]. Here iL0 =
∑
j cj ·∇j describes
free streaming. The interaction is made up of pairwise inelastic collisions, iL+I =
∑
j<k iT +jk ,
where
iT +jk = −(rˆjk · vjk)Θ(−rˆjk · vjk)δ(rjk − d)(b+jk − 1) (9)
denotes the inelastic binary collision operator [34]. Here the operator b+jk implements the
inelastic collision rule [46]. The driving term, L+D(PD) = PD
∑
j ∂
2
cj
, is parameterized by the
driving strength PD. Strictly speaking, the binary collision operator Tjk is defined in terms of
relative laboratory-frame velocities vjk = vj − vk. Here we will assume that we can replace
vjk by cjk. This is a good approximation as long as the relative shear speed between two
touching particles which is at most dγ˙ is much smaller than the typical relative speed of said
particles which is proportional to the thermal speed
√
T . This is automatically fulfilled for
small Knudsen number Kn < 1.
62. Phase Space Distribution
In contrast to the canonical distribution of an equilibrium colloidal suspension, the phase
space distribution function %ref(X) of the randomly driven granular fluid reference state
is not known exactly. To make progress, we make the same minimal assumptions as in
Ref. [39]. Namely, (i) that the distribution factorizes into a spatial distribution function
and a velocity distribution function; and (ii) that the (precollisional) velocity distribution
factorizes into single particle distributions with zero mean and a finite second moment
〈c2〉 := ∫ dX%ref(X)c2 = 3T <∞.
Writing the ensemble average of an observable A(X) as a scalar product
d 〈A〉
dt
=
〈
iL+refA
〉
=
∫
dX%ref(X)L+refA(X) =: (%ref ,L+refA) (10)
we can introduce the f-Liouvillean L+ref as the adjoint of the p-Liouvillean L+ref [33],
(L+ref%ref , A) = (%ref ,L+refA), (11)
acting on the phase space distribution %ref . With respect to two observables A1(X), A2(X),
we write correlations functions as another scalar product,
〈A1 | A2〉 :=
∫
dX%ref(X)A
∗
1(X)A2(X), (12)
where the asterisk denotes complex conjugation.
B. Sheared System
1. Dynamics
Formally encoding the Sllod equations in terms of a Liouville operator yields L∗+(PD) =
L+ref(PD) + Lγ˙ where Lγ˙ = Lγ˙r + Lγ˙c [27],
iLγ˙r =
∑
j
rj · k · ∇j, iLγ˙c =
∑
j
cj · k · ∂
∂cj
. (13)
A more careful consideration, however, reveals that we are interested in applying the Liouville
operator to the coarse grained fields ρ(r, t) and j(r, t). It is not obvious, how to systematically
coarse grain the momentum constraint, Eq. (6c), and we will come back to this point in the
end (Sec. VIII). In analogy with the concept of local thermodynamic equilibrium, we assume
that the constraint holds locally for every volume element used to define the local values of
the fields. This implies that
∑
i ci = 0, locally and for all times and amounts to dropping
Lγ˙c as a spurious contribution. We will consequently use
L+(PD) := L+ref(PD) + Lγ˙r (14)
as the p-Liouvillean of the sheared state.
72. Low Density Linear Response
At low density, ϕ 1, and small shear rate, γ˙ → 0, we expect Newtonian rheology [24],
σ0 = ηγ˙, with a viscosity η(ϕ  1) that is well approximated by the Enskog predictions,
ηE(ϕ, ε), of Garzo´ and Montanero [13]. A natural scale to compare viscosities to is the
Boltzmann viscosity,
η0 := η(ϕ→ 0, ε = 1) = 5
16d2
√
T/pi, (15)
of a hard sphere gas at vanishing density [40].
3. Translational Invariance
It is natural to assume that the fluid is translationally invariant in the comoving frame
rˇ = r − kt · rt [26]. Therefore, we define the Fourier Transform of an observable A(r, t) =
A(rˇ, t) in this frame as
Aq(t) =
∫
d3rˇA(rˇ, t)e−iq·rˇ. (16)
Performing a coordinate transform,
Aq(t) =
∫
d3r det(∂rˇ/∂r)A(r, t)e−iq·(1−k
tt)·r =
∫
d3rA(r, t)e−iq·(1−k
tt)·r, (17)
we use the invariance of A under a change of reference frame. With the identification
q(t) = q · (1− ktt) this is formally equivalent to a Fourier Transform in the laboratory frame
with a time-dependent wave vector q(t),
Aq(t)(t) =
∫
d3rA(r, t)e−iq(t)·r. (18)
V. GENERALIZED GREEN-KUBO RELATION
In the spirit of the ITT formalism [26], we rewrite the sheared steady state phase space
density %ss in the following exact form,
%ss = %ref +
∫ ∞
0
dt exp(−itL+)i∆L+%ref , (19)
where ∆L+ = Lγ˙r + L+D(∆PD), and L+D(∆PD) = −∆PD
∑
j ∂
2
cj
. To minimize the change of
the boundary conditions to the fluid, we assume that we choose the driving power in the
reference state, P
(e)
D , for time t < 0 such that it yields the same stationary temperature T as
in the sheared stationary state, i.e., ∆PD = P
(f)
D − P (e)D .
To make progress, we have to make assumptions on the action of ∆L+ on %ref . For a
canonical distribution, %−1ref iLγ˙r%ref = −γ˙σintxy /T [26] and with the assumptions we made for the
non-equilibrium granular distribution %ref , this will still serve as a good approximation. With
the same assumptions we find for the effect of the change in driving power %−1ref iL
+
D(∆PD)%ref =
−3∆PDδK/T where
δK = 1− 1
N
∑
j
c2j
3T
. (20)
8Using Eq. (19) to calculate the expectation value, 〈A〉ss :=
∫
dX%ss(X)A(X), of any
observable A(X) in the sheared steady state, we find
〈A〉ss = 〈A〉 −
γ˙
T
∫ ∞
0
dt
〈
σintxy | A(t)
〉− 3∆PD
T
∫ ∞
0
dt 〈δK | A(t)〉 . (21)
For any A analytic in the velocities, the last term, 〈δK | A(t)〉, will vanish. Non-Gaussian
corrections to the single particle velocity distribution will lead to corrections of the order a2
[10] that will be discussed in future work. Formally, we recover the established generalized
Green-Kubo relation [25, 26]
〈A〉ss = 〈A〉 −
γ˙
T
∫ ∞
0
dt
〈
σintxy | A(t)
〉
. (22)
Adapting an argument by Chong and Kim [27], we can show that for any observable A,
we have 〈
σintxy | exp(itL+)A
〉
=
〈
σintxyQ | exp(itQL+Q)QA
〉
, (23)
where Q = 1− P and
P = N
Sq
∑
q
|ρq〉 〈ρq|+ N
T
∑
q
|jq〉 〈jq| (24)
projects onto the hydrodynamic fields. Here Sq = N 〈ρq | ρq〉 denotes the static structure
factor [47]. Now, making a mode-coupling approximation,
exp(itQL+Q) ≈ N2
∑
k,p
∣∣ρk(−t)ρp(−t)〉 Φk(−t)(t)Φp(−t)(t)
SkSp
〈ρkρp| , (25)
we can express the Green-Kubo relation in terms of the transient correlator Φq(t) :=
N 〈ρq | ρq(t)〉 /Sq,
〈A〉ss ≈ 〈A〉 −
γ˙
2T
∑
k
∫ ∞
0
dtVσk(−t)WAk Φ2k(−t)(t), (26)
where
WAk = N 〈ρkρ−k | A〉 /S2k, (27)
Vσk = N
〈
σintxy | ρkρ−k
〉
= −1 + 
2
ϕT
kxky
k2
Ck. (28)
Here Ck := 6χj
′′
0 (kd)/k (see appendix A) where χ = χ(ϕ) indicates the value of the pair
correlation function at contact [47] and j0(x) is a spherical Bessel function [48]. Primes
denote derivatives with respect to the wave number. For soft spheres ϕCk ≡ S ′k is given
as the derivative of the structure factor [26]. For hard spheres, ϕCk 6= S ′k, as only binary
collisions contribute to the vertex Vσk . The wave vectors ±k of the modes involved in the
vertices above add up to zero as a manifestation of momentum conservation.
In particular we find for the macroscopic shear stress
− 〈σxy〉ss /V = γ˙ϕ2T
(1 + )2
8
∫
d3k
(2pi)3
∫ ∞
0
dt
k2xkyky(−t)
kk(−t) ×
Ck(−t)Ck
S2k
Φ2k(−t)(t). (29)
9where only the interaction part, σintxy , yields a finite contribution and the expectation value
of the kinetic part,
〈
σkinxy
〉
, vanishes due to parity. Once we know the transient correlator
Φk(t), this allows us to determine the shear stress for a given shear rate γ˙. In terms of
the dimensionless time τ = ωct and the dimensionless wave number k
∗ = kd we find a
dimensionless stress
− 〈σxy〉ss /NT = Peϕ
(1 + )2
4
∫
d3k∗
96pi2
∫ ∞
0
dτ
k∗2x k
∗
yk
∗
y(−τ)
k∗k∗(−τ) ×
Ck∗(−τ)Ck∗
S2k∗
Φ2k∗(−τ)(τ) (30)
manifestly temperature independent.
VI. MODE-COUPLING THEORY FOR THE TRANSIENT CORRELATOR
A. Separating the Slow Dynamics
For the observables Aq ∈ {ρq, jq} we define the propagator U(t) via
Aq(t)(t) = exp(itL+) exp(−itLγ˙r)Aq =: U(t)Aq (31)
where U(t) 6= exp[it(L+ − Lγ˙r)] because L+ and Lγ˙r do not commute. Following Suzuki and
Hayakawa [32] we write
d
dt
U(t) = exp(itL+)iL˜+ exp(−itLγ˙r) (32)
where L˜+ = L+ − Lγ˙r . In order to separate the slow dynamics, we define the projectors
P(t) := N
∑
k
∣∣ρk(t)〉 〈ρk(t)∣∣ /Sk(t) +N∑
k
∣∣jk(t)〉 〈jk(t)∣∣ /T, (33)
and Q(t) = 1− P(t). Next, we can expand the time derivative of the propagator as follows,
d
dt
U(t) = US(t)iL˜+ exp(−itLγ˙r) +Q(0)Uˆ(t, 0)R(t) +
∫ t
0
dτUS(τ)iL˜+Q(τ)Uˆ(t, τ)R(t), (34)
where
US(t) := U(t) exp(itLγ˙r)P(t)
= N
∑
k
∣∣ρk(t)(t)〉 〈ρk(t)∣∣ /Sk(t) +N∑
k
∣∣jk(t)(t)〉 〈jk(t)∣∣ /T (35)
is the propagator of the slow modes,
Uˆ(t, τ) := exp(−iτL†γ˙r)U˜(t, τ) exp(itLγ˙r), (36)
U˜(t, τ) := exp−
[∫ t
τ
dt′ exp(it′Lγ˙r)Q(t′)iL˜+ exp(−it′Lγ˙r)
]
, (37)
and exp− is the time ordered exponential. Finally, R(t) := Q(t)iL˜+ exp(−itLγ˙r), is the
fluctuating force operator. In the last term of Eq. (34), the conventional small strain approx-
imation [26] exp(−itLγ˙r) ≈ exp(−itL†γ˙r) has been employed. Besides this approximation,
Eq. (34) is exact. Note that the second term in Eq. (34) will never contribute due to the
orthogonal projector Q(0).
10
B. Equation of Motion for the Transient Correlators
The continuity equation for the density, iL˜+ρq(t) = iq(t) · jq(t), implies
d
dt
Φq(t) = q(t) ·Hq(t)/Sq (38)
where
Hq(t) := iN
〈
ρq | jq(t)(t)
〉
(39)
is the transient density-current correlator. Next, we expand
d
dt
Hq(t) = iN
〈
ρq | d
dt
U(t)jq
〉
(40)
in terms of Eq. (34). For the first term we find
US(t)iL˜+jq(t) = Ωρjq(t)ρq(t)(t) + jq(t)(t) · Ωq(t) (41)
where
Ωρjq := N
〈
ρq | iL˜+jq
〉
/Sq, (42a)
Ωλµq := N
〈
jλq | iL˜+jµq
〉
/T (42b)
The third term yields for the fluctuating force Rq(t) := R(t)jq
US(τ)iL˜+Q(τ)Uˆ(t, τ)Rq(t) = −Lq(t, τ)ρq(τ)(τ)− jq(τ)(τ) ·Mq(t, τ) (43)
where
Lq(t, τ) := −N
〈
ρq(τ) | iL˜+Q(τ)Uˆ(t, τ)Rq(t)
〉
/Sq(τ), (44a)
Mλµq (t, τ) := −N
〈
jλq(τ) | iL˜+Q(τ)Uˆ(t, τ)Rµq(t)
〉
/T (44b)
are two memory kernels.
The elements of the frequency matrices are known from the literature: Ωρjq = iqC
2
q where
C2q =
T
Sq
[
1 + 
2
+
1− 
2
Sq
]
(45)
is the (squared) speed of sound [39], and
Ωλµq = iµqδ
λµ where [49] µq =
1 + 
3
ωc[1− j0(qd)] (46)
and j0(x) is the zeroth order spherical Bessel function [48].
The equations of motion for the correlators, Φq(t) and Hq(t) can be written as
Sq
d
dt
Φq(t) = q(t) ·Hq(t) (47a)
11
and
d
dt
Hq(t) + q(t)C
2
q(t)SqΦq(t) + µq(t)Hq(t)
+
∫ t
0
dτLq(t, τ)Sq(τ)Φq(τ) +
∫ t
0
dτHq(τ) ·Mq(t, τ) = 0.
(47b)
With SqΦ¨q(t) = −q(t) · k ·Hq(t) + q(t) · H˙q(t) [50] we can express Eq. (47a) also in the form
Φ¨q(t) + νq(t)Φ˙q(t) + q
2(t)C2q(t)Φq(t) + q · k ·Hq(t)/Sq
+ q(t) ·
∫ t
0
dτLq(t, τ)
Sq(τ)
Sq
Φq(τ) + q(t) ·
∫ t
0
dτMtq(t, τ) ·Hq(τ)/Sq = 0
(48)
where [39]
νq =
1 + 
3
ωc[1 + 3j
′′
0 (qd)] (49)
is known as the Enskog term [51] and the double primes denote the second derivative. The
first three terms in Eq. (48) describe sound waves with an advected wave vector q(t). The
fourth term is proportional to γ˙ and vanishes in the limit of no shear. All effects not local in
time are contained in the memory kernels Lq and Mq. To make progress we evaluate the
memory kernels in terms of a mode-coupling approximation.
C. Mode-Coupling Approximation
We approximate Uˆ(t, τ) with a mode-coupling ansatz [26],
Uˆ(t, τ) ≈ P2(τ)Uˆ(t, τ)P2(t)
≈ N2
∑
k,p
∣∣ρk(τ)ρp(τ)〉 Φk(τ)(t− τ)Φp(τ)(t− τ)
Sk(t)Sp(t)
〈
ρk(t)ρp(t)
∣∣ , (50)
where
P2(t) := N2
∑
k,p
∣∣ρk(t)ρp(t)〉 〈ρk(t)ρp(t)∣∣ /Sk(t)Sp(t). (51)
This immediately yields Lq(t, τ) ≈ 0 as the left vertex ∝
〈
ρq(τ) | iL˜+Q(τ)ρk(τ)ρp(τ)
〉
= 0
due to parity. For the second memory kernel we find
Mλµq (t, τ) ≈
N
T
∑
k,p
Sk(τ)
Sk(t)
Vλqkp(τ)Wµqkp(t)Φk(τ)(t− τ)Φp(τ)(t− τ) (52)
where the vertices,
Vλqkp(t) = N
〈
jλq(t) | iL˜+Q(t)ρk(t)ρp(t)
〉
/Sk(t), (53a)
Wλqkp(t) = N
〈
ρk(t)ρp(t) | Q(t)iL˜+jλq(t)
〉
/Sp(t) (53b)
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are, again, known from the literature [39] [Vqkp(t) ≡ Vq(t)k(t)p(t)],
iVλqkp =
T
N
Sp[k
λnck + p
λncp]δq,k+p, (54a)
iWλqkp =
1 + 
2
T
N
Sk[k
λnck + p
λncp]δq,k+p. (54b)
This closes the equations of motion as soon as we know the static structure factor Sq. Solving
the full set of equations, (47a,b) and (52), constitutes a major challenge that we will not
attempt here. Instead, we assume that the sheared system is still reasonably isotropic and
employ a respective approximation.
D. The Isotropic Approximation
Assuming an isotropic state [26], we have Φq(t) = Φq(t), and
Hq(t) = q(t)SqΦ˙q(t)/q
2(t),
k ·Hq(t) = |γ˙|q(t)SqΦ˙q(t)/q2(t).
(55)
Moreover, Mq(t, τ) = q(t)q(τ)C
2
q(t)mq(t, τ), where the odd normalization is for later con-
venience. This allows us to eliminate Hq(t) completely and write a closed equation for
Φq(t),
Φ¨q(t) + [νq(t) + |γ˙|]Φ˙q(t) + q2(t)C2q(t)Φq(t) + q2(t)C2q(t)
∫ t
0
dτmq(t, τ)Φ˙q(τ) = 0, (56)
where the shear rate appears as an additional damping term. Here
mq(t, τ) = Aq(t)()
Sq(t)
nq2
∫
d3k
(2pi)3
Sk(τ)Sp(τ)
× [(qˆ · k)nck(t) + (qˆ · p)ncp(t)][(qˆ · k)nck(τ) + (qˆ · p)ncp(τ)]
× Φk(τ)(t− τ)Φp(τ)(t− τ) (57)
and we have used the approximate relations [qˆ(t) · k(t)]/q(t) ' qˆ · k/q and k(t) '
k
√
1 + (γ˙t)2/3 [26]. For vanishing shear, γ˙ → 0, the memory kernel reduces to the one
calculated in Ref. [39], where
A−1q () = 1 +
1− 
1 + 
Sq. (58)
Eqs. (56, 57) can also be made manifestly temperature independent by writing them in terms
of the dimensionless time ωct and the dimensionless wave number kd. Applying the isotropic
approximation to the shear stress, Eq. (29), we find as our central result the shear stress [see
Eq. (4) in Ref. [24] for a dimensionless form]
σ := σ0 + γ˙ϕ
2T
(1 + )2
4
∫ ∞
0
dt√
1 + (γ˙t)2/3
∫ ∞
0
dkk4
60pi2
× Ck(−t)Ck
S2k
Φ2k(−t)(t), (59)
where we have added the Enskog term σ0 (cf. Sec. IV B 2) to obtain a finite low density limit
not recovered by the ITT contribution which is of order O(ϕ2).
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FIG. 2. Protocol H for several values of the coefficient of restitution ε (columns, as indicated)
and several packing fractions (color coded) from ϕ = 0.48 (yellow, bottom) to ϕ = 0.60 (black,
top). (First row) Flow curves, shear stress σ as a function of shear rate γ˙. (Second row) Viscosity η
relative to the Boltzmann viscosity η0(T0). (Third row) Stationary temperature T , relative to the
initial temperature, T0, at zero shear. The dotted line indicates T/T0 ≡ 2.
VII. RESULTS
To obtain quantitative predictions, we numerically solved Eqs. (56, 57, 59) (see appendix B).
Some of the results are presented in Ref. [24]. Here we will focus on a broader range of
parameters and provide additional comparison with established kinetic theories.
A. Rheology & Flow Curves
1. Protocol H
The phenomenology of Protocol H has been discussed in Ref. [24]. Comparing the
dynamic state diagrams for different inelasticities, ε, in Fig. 1 confirms the broad layout of
the rheological regimes. The critical density for the granular glass transition, ϕc(ε), which
increases with increasingly dissipative particles determines the boundaries of the Newtonian
regime observed at low densities and small shear rates. At the highest shear rates, the power
balance, Eq. (3), is dominated by shear heating and shear thickening is observed in the
Bagnold regime. As the granular fluid is more susceptible to shear heating the more elastic
the particles are, the onset of the Bagnold regime moves to lower shear rates for larger values
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FIG. 3. Protocol T (T ≡ T0) or Protocol H (T > T0): Dynamic state diagrams in the plane
spanned by Pe´clet number, Pe, and packing fraction, ϕ, for several values of the coefficient of
restitution, ε, as indicated. The effective exponent R quantifying the shear rate dependence of
the viscosity, η(Pe) ∼ PeR, is color coded on the same scale as in Fig. 1. The inaccessible regime
Pe > Pe∞ is left blank. The jagged boundary is due to discretization.
of ε.
Flow curves, σ(γ˙), corresponding to Protocol H are shown in Fig. 2 (see also Figs. 2 and
3 in Ref. [24]). Note that the precise value of the coefficient of restitution may have a huge
influence on the flow behavior. For the same flow conditions, i.e., packing fraction, ϕ, and
shear rate, γ˙, rather elastic particles may place the granular fluid in the flat part of the
flow curve, requiring rather large stresses, σ/nT0 ∼ 10, while for more inelastic particles
the flow would still be in the Newtonian regime, requiring only negligible shear stress,
σ/nT0  1. This is also reflected in the viscosity (Fig. 2) which may vary over many orders
of magnitude for a fixed packing fraction, ϕ, depending on both shear rate and coefficient of
restitution. Considering the stationary temperature, T , resulting from the power balance,
Eq. (3), we observe that, as expected, significant shear rates are needed to make shear heating
relevant and increase the stationary temperature T with respect to the temperature T0 of
the unsheared fluid (Fig. 2). In Ref. [24] we defined the critical Pe´clet number, Pe∗, for the
onset of shear thickening, as the point where T = 2T0. Comparing the temperature curves in
Fig. 2 with the viscosity curves, η(γ˙), confirms the utility of this definition.
If we normalize the shear stress, σ/nT , with the stationary temperature, T , instead of
the initial temperature, T0, and express the shear rate, γ˙, in terms of the Pe´clet number,
Pe, we arrive at a description of the rheology in terms of intrinsic quantities that make the
temperature independence of the (inelastic) hard sphere fluid manifest (Figs. 3,4). In this
form, the predictions for Protocol H are identical to the ones for Protocol T as they only
differ in the temperature control (cf. Sec. II A).
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FIG. 4. Protocol T (T ≡ T0) or Protocol H (T > T0): Flow curves, shear stress σ as a function
of Pe´clet number Pe (first row), and viscosity η relative to the Boltzmann viscosity η ≡ η0(T )
(second row) for several values of the coefficient of restitution ε (columns, as indicated) and several
packing fractions (color coded) from ϕ = 0.48 (yellow, bottom) to ϕ = 0.60 (black, top). The filled
circles mark the maximum Pe´clet number Pe∞, i.e., the end of the flow curves for the respective
densities.
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FIG. 5. Protocol T (T ≡ T0) or Protocol H (T > T0): Flow curves, σ(Pe), for several values
of the coefficient of restitution ε (as indicated) and several packing fractions (color coded) from
ϕ = 0.54 (yellow, bottom) to ϕ = 0.60 (black, top) close to and above the glass transition density.
Note the linear scale for the shear stress.
2. Protocol T
Employing Protocol T makes it straightforward to obtain the intrinsic quantities, σ/nT ,
and Pe = γ˙/ωc(ϕ, T ), as the temperature is held constant, T ≡ T0, throughout. In terms
of the packing fraction, ϕ, and the Pe´clet number, Pe, the dynamic state diagram is shown
in Fig. 3 for different inelasticities ε. We readily observe that the shear thickening regime
vanishes altogether compared to the diagrams for Protocol H (Fig. 1). The apparent shear
thickening observed in Protocol H is due to shear heating only which is absent in Protocol T.
As the Pe´clet number is restricted to be smaller than the maximal value, Pe ≤ Pe∞ [24], the
16
dynamic state diagram includes unreachable regions of large Pe´clet number, Pe > Pe∞(ϕ, ε)
that cannot be realized in a granular fluid. The Bagnold regime of Protocol H (cf. Fig. 1)
shrinks to the line Pe = Pe∞(ϕ, ε) for Protocol T. At low Pe´clet number or shear rate, where
shear heating is negligible, the dynamic state diagrams become indistinguishable between
Protocols H and T (cf. Figs. 1 and 3). Shear thinning behavior, which is caused by the slow
relaxation in the fluid [24, 31] is independent of temperature control and this therefor also
observed in Protocol T.
The flow curves, σ(Pe), for Protocol T shown in Fig. 4 (see also Fig. 2 in Ref. [24]) also
reflect the finite admissible range of Pe´clet numbers as they end at Pe = Pe∞. The viscosity
curves (Fig. 4) confirm that no shear thickening is observed in Protocol T and the Newtonian
regime at low densities and small shear rates is complemented by a shear thinning regime only.
For packing fractions, ϕ > ϕc(ε), above the glass transition, the variation of the shear stress,
σ, with Pe´clet number, Pe, is remarkably small throughout the whole range of admissible
Pe´clet numbers (Fig. 5). Once the yield stress, σy = σ(Pe→ 0), is exceeded, no more than
roughly a doubling of the shear stress will be needed to achieve arbitrary shear rates.
B. Transport Coefficients & Yield Stress
Irrespective of the possibility to handle arbitrary shear rates, gITT (and more generally
ITT) can also be used to calculate the viscosity, η, in the linear response regime, γ˙ → 0.
Recall that in this limit Protocol T and H become indistinguishable as there is no shear
heating. Employed in this way, gITT extends the low density Enskog predictions [13],
to higher densities (Fig. 6). In particular it captures the strong increase (and eventual
divergence) of the viscosity as the glass transition is approached [52]. This divergence can,
of course, not be recovered by the low density, Enskog predictions. The variations in the
glass transition, ϕc(ε), with the coefficient of restitution, ε, leads to a correspondingly large
variation of the viscosity, η(ε), which far exceeds the variations predicted by Enskog theory.
The large shear rate behavior, γ˙ →∞, or Pe→ Pe∞, respectively, is characterized by the
Bagnold coefficient B, Fig. 7a. As shear heating is more effective for more elastic particles
(in Protocol H ), the Bagnold coefficient increases with ε. As the glass is already shear-molten
in the Bagnold regime, unlike the viscosity η, the Bagnold coefficient does not diverge at
the glass transition density, ϕc(ε). However, the increasing sluggishness of the fluid at high
densities is also reflected in the Bagnold coefficient which increases rapidly with density.
Such a quick rise is naturally not recovered by the existing Enskog predictions. The theories
by Mitarai and Nakanishi [53], and Kumaran [54] both come close to the results from gITT
for lower densities but deviate by orders of magnitude above the glass transition density. The
phenomenally simple prediction by Savage and Jeffrey [55], BSJ · d = 32ϕχ(ϕ)/35pi, where
χ(ϕ) is the value of the pair correlation function at contact is independent of the coefficient
of restitution but also yields the right order of magnitude at low densities.
Above the glass transition density, ϕc(ε), a finite (dynamic) yield stress, σy, has to be
exceeded to keep the system flowing and to prevent it from freezing into an amorphous glass.
The critical yield stress, σcy(ε) (cf. Fig. 3 in Ref. [24]) right at the glass transition is on the
order of 2nT . For larger densities, ϕ > ϕc(ε), the yield stress quickly rises before settling to
a narrow band around 4–5nT (Fig. 7b) which is only exceeded at the highest densities [56].
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FIG. 6. Viscosity η, normalized by the Boltzmann viscosity η0 at small shear rate, γ˙ → 0. (a) As a
function of the coefficient of restitution ε for a number of packing fractions from ϕ = 0.47 (yellow,
bottom) to ϕ = 0.51 (black, top). (b) As a function of packing fraction, ϕ, for a number of values
of the coefficient of restitution, ε, from ε = 0.1 (cyan, bottom) to ε = 0.9 (magenta, top). Solid
lines denote gITT predictions while dashed lines indicate the Enskog low density expansion by
Garzo´ and Montanero [13]. The arrows indicate the glass transition density, ϕc(ε).
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FIG. 7. (a) Bagnold coefficient B as a function of packing fraction ϕ. Solid lines are gITT
predictions for several values of the coefficient of restitution ε = 0, 0.3, 0.6, 0.9 from bottom to top.
The dashed lines denote Enskog predictions from Savage and Jeffrey [55] (blue), Kumaran [54]
(orange), and Mitarai and Nakanishi [53] (green). The last two are for ε = 0.9. The arrows indicate
the glass transition density, ϕc(ε). (b) Yield stress, σy, as a function of volume fraction, ϕ, for a
number of values of the coefficient of restitution, ε, from ε = 0.9 (magenta, left) to ε = 0.1 (cyan,
right). Points are calculated and lines are spline fits. The dotted lines are guides to the eye.
VIII. CONCLUSION
In summary we have shown how to derive generalized Green-Kubo relations for sheared
inelastic hard sphere fluids at finite shear rates and densities around the (granular) glass
transition density. In particular, we have shown that an ITT fromalism can be derived
with respect to a reference system that is already out of equilibrium before the shear is
applied. Employing a number of reasonable approximations, the shear stress of a granular
fluid is given by a Green-Kubo relation, Eq. (29), that is formally almost identical to the
one for colloidal suspensions, [cf. Eq. (37) in Ref. [26]]. The differences are: (i) the explicit
dependence on the coefficient of restitution reflecting the dissipative interactions; and (ii) the
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replacement Sk → ϕCk due to the hard-core interactions. The increase of the shear stress
at high densities is driven by the slow structural relaxation of the system around the glass
transition. The dependence of the glass transition on the coefficient of restitution yields a
strong sensitivity of the transport coefficients and even the qualitative rheological behavior
on the inelasticity of the particles. This sensitivity, together with the strong increase (and
eventual divergence) of the small shear viscosity, η(γ˙ → 0), shows that an extrapolation of
the Enskog predictions from the gaseous state of vanishing density, ϕ  1, to significant
densities, ϕ ∼ O(1), cannot work as it completely neglects the dramatic slowing down of
structural relaxation at high densities. For the Bagnold coefficient, B, we have argued that it
is only defined for finite shear rates, γ˙ → ωc Pe∞. Except for the elastic limit, ε→ 1, where
Pe∞  1, this makes the Bagnold coefficient inaccessible to linear response theories but
places it well within the reach of gITT.
The hard sphere property that the temperature, T , only enters as a timescale via the
collision frequency, ωc ∼
√
T , and does not control the physics is retained by gITT. In terms
of the Pe´clet number, Pe, and the dimensionless shear stress σ/nT , the theory is manifestly
temperature independent. The choice of temperature control in an experiment, however, has
a profound influence on the phenomenology observed. If shear heating is not compensated
(Protocol H ), the work expended on heating the system will manifest as an apparent shear
thickening (Fig. 1). However, the viscosity η ∼ √T trivially rises with temperature and if
we take this into account (Fig. 3), no shear thickening remains. Dialing down the random
driving force we can keep the temperature constant (Protocol T ), However, this only works
below a maximal shear rate, γ˙ ≤ ωc Pe∞. For higher shear rates even switching off the
random driving completely cannot compensate shear heating.
The Sllod equations enforce the shear profile down to the microscopic level. This is both
physically questionable and prevents a straight forward coarse graining as we have seen above
(Sec. IV B 1). Here we have chosen to drop the momentum buildup term −ci · k in Eq. (6b’)
reasoning that it must vanish on macroscopic scales. Extrapolating this to the highest wave
numbers constitutes an approximation on the same level as using the hydrodynamic transport
coefficients away from the limit of small wave numbers. Chong and Kim [27], and Suzuki
and Hayakawa [32] have chosen to retain that term, effectively neglecting the momentum
conservation constraint, Eq. (6c) on all length scales. This results in an extra term k ·Hq(t)
in Eq. (47b). Both approaches are not completely satisfactory and more work is needed to
derive microscopic equations of motion that enforce a linear shear profile macroscopically
but are more amenable to systematic coarse graining. A possible starting point is given by
Ref. [57].
We have focused here on derivation of gITT and only discussed the most fundamental
predictions of the theory. The experience from the rheology of colloidal suspensions shows
that the ITT formalism can contribute to the description of a much broader range of
phenomena. We are planning to explore these in future work.
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Appendix A: Density-Stress-Overlap for Hard Spheres
Only the interaction part contributes to the density-stress-overlap,
〈
σintxy | ρqρ−q
〉
=
1 + 
4
× d
N2
∑
j<k
∑
`,m
〈
(rˆjk · vjk)2rˆαjkrˆβjkΘ(−rˆjk · vjk)δ(rjk − d)eiq·r`m
〉
.
(A1)
The velocity average yields a factor T/2, i.e.,
〈σxy | ρqρ−q〉 = qxqy
q2
× 1 + 
8
× Td
N2
∑
j<k
〈
(qˆ · rˆjk)2δ(rjk − d)
(
eiq·rjk + e−iq·rjk
)〉
. (A2)
Moreover,
〈
(qˆ · rˆjk)2δ(rjk − d) cos(q · r12)
〉
=
8pi
V
∫ ∞
0
dr
∫ pi
0
dϑr2g(r)δ(r−d) sinϑ cos2 ϑeiqr cosϑ (A3)
and therefore〈
(qˆ · rˆ12)2δ(r12 − d) cos(q · r12)
〉
= −8pind
2χ
N
d2
d(qd)2
∫ pi
0
dϑ sinϑeiqd cosϑ, (A4)
i.e., 〈
(qˆ · rˆ12)2δ(r12 − d) cos(q · r12)
〉
= −96ϕχ
Nd
j′′0 (qd). (A5)
Collecting terms we arrive at Eq. (28).
Appendix B: Numerics
In order to solve Eqs. (56, 57, 59) numerically, we adapted an established code [25].
The temperature independence of the hard sphere equations is exploited and the explicit
dependence on the coefficient of restitution has been added. For the structure factor,
we use the Percus-Yevick [58] explicit solution for hard spheres [59] and for the value of
the pair correlation function at contact, χ, we use the Woodcock equation of state WC1
[60]. The collision frequency is then given as the elastic Enskog expression, ωc(ϕ, T ) '
24ϕχd−1
√
T/pi [47]. For simplicity, instead of calculating σ directly, we determine the
temperature independent quantity
ηˇ(Pe, ϕ, ε) :=
1
5pi
× (1 + ε)
2
4
∫ ∞
0
dτ
1 + (Pe τ)2/3
×
∫ ∞
0
dκκ2
j′′0
(
κ(−Pe τ))j′′0 (κ)
S2κ
Φ2κ(−Pe τ)(Pe τ). (B1)
From this result, the quantities of interest can be obtained as
σ
nT
=
1
2
Peϕχ2ηˇ,
η
η0(T )
=
2
5
ϕχηˇ, ηBd =
ηˇ
192 Pe
. (B2)
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As η0 ∝
√
T , we can derive η/η0(T0) =
√
T/T0×η/η0(T ) and in the same manner γ˙/ωc(T0) =
Pe
√
T/T0.
The Enskog term, νq Eq. (49), is known to drastically underestimate sound damping at
high densities. To this end we replace it,
νq → 20
3
× DS
d2
[1 + 3j′′0 (qd)], (B3)
where we chose the Enskog expression for the sound damping constant DS [13] and note that
this expression has the correct hydrodynamic limit, 2DSq
2 for q → 0.
For the wave number integrals, the wave numbers are discretized uniformly at 100 points
between k∗ = 0.4 and k∗ = 40. The initial time step is ∆τ = 10−5 and the step size is
doubled every 100 time steps to bridge the time scales.
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